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TOPOLOGICAL 4-MANIFOLDS WITH 4-DIMENSIONAL
FUNDAMENTAL GROUP
DANIEL KASPROWSKI AND MARKUS LAND
Abstract. Let pi be a group satisfying the Farrell–Jones conjecture and as-
sume that Bpi is a 4-dimensional Poincare´ duality space. We consider closed,
topological, almost spin manifolds with fundamental group pi whose canonical
map to Bpi has degree 1 and show that two such manifolds are s-cobordant if
and only if their equivariant intersection forms are isometric. If pi is good in
the sense of Freedman, it follows that two such manifolds are homeomorphic
if and only if they are homotopy equivalent. This shows rigidity in many cases
that lie between aspherical 4-manifolds, where rigidity is expected by Borel’s
conjecture, and simply connected manifolds where rigidity is a consequence of
Freedman’s classification results.
1. Introduction
The classification of closed 4-manifolds remains one of the most exciting open
problems in low-dimensional topology. In the topological category, classification is
only known for closed 4-manifolds with trivial [Fre82], cyclic [FQ90, Kre99, HK93]
or Baumslag-Solitar [HKT09] fundamental group. Here we give a partial answer in
the case where the fundamental group pi satisfies the Farrell–Jones conjecture and is
such that Bpi is a 4-dimensional oriented Poincare´ duality space. The condition on
the Farrrell–Jones conjecture is, by extensive work of Bartels–Reich–Lu¨ck and col-
laborators, by now a rather weak assumption [Lu¨c19, Theorem 14.1]. For example,
one can consider pi being Z4 or an extension of a surface group by a surface group
[Lu¨c19, 14.23]. All manifolds are assumed to be closed and connected unless speci-
fied otherwise. For the formulation of our main theorem, we recall that a manifold
is almost spin if its universal cover is spin. Our main result is the following.
Theorem 1.1. Let M,N be oriented, topological, almost spin 4-manifolds with fun-
damental group pi such that the classifying maps M → Bpi and N → Bpi have degree
one. Then M and N are s-cobordant if and only if their equivariant intersection
forms are isometric.
The above theorem also holds in the smooth category by similar arguments.
Remark 1.2. We note that M is almost spin if and only if the Z-valued intersection
form on pi2(M) ∼= H2(M˜ ;Z) is even. Moreover, the classifying map M → Bpi has
degree ±1 if and only if pi2(M) is stably free, [KPT, Theorem A & Section 7].
Hence Theorem 1.1 applies to manifolds M and N whose fundamental group is pi,
whose pi2 is stably free and whose Z-valued intersection form on pi2 is even.
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2 DANIEL KASPROWSKI AND MARKUS LAND
If we furthermore assume that pi is good in the sense of Freedman, then the topo-
logical s-cobordism theorem holds in dimension four and we obtain the following
corollary. Note that the class of good groups includes all solvable groups [FT95,
KQ00], which in particular includes the fundamental groups of torus bundles over
tori.
Corollary 1.3. Assume that pi is good in the sense of Freedman. Let M,N be
oriented, topological, almost spin 4-manifolds with fundamental group pi such that
the classifying maps M → Bpi and N → Bpi have degree one. Then M and N
are oriented homeomorphic if and only if their equivariant intersection forms are
isometric.
The following corollary is an immediate consequence. The first part was pre-
viously obtained in [KL09, Theorem 0.11]. Consider a topological 4-manifold X
which is aspherical and whose fundamental group is a good Farrell–Jones group,
e.g. a solvable group. Let L be a simply connected topological spin 4-manifold.
Corollary 1.4. Let M be an oriented, almost spin 4-manifold with fundamental
group pi.
(1) If M is oriented homotopy equivalent to X#L, then it is also oriented
homeomorphic to X#L.
(2) If the equivariant intersection form of M is induced from an integral form,
then M is homeomorphic to X#K for some simply-connected, spin 4-
manifold K.
Proof. To see (1), we observe that the classifying map for X#L is simply the canon-
ical map X#L → X and thus has degree 1. Hence for every oriented homotopy
equivalence M → X#L the classifying map of M is also of degree 1. The homotopy
equivalence M → X#L induces an isometry of the equivariant intersection forms,
so the corollary follows from Corollary 1.3.
For (2), we let K be a simply connected 4-manifold with intersection form λ,
such that λM ∼= λ ⊗Z Zpi. Since the Z-valued intersection form on M is even by
the assumption that M is almost spin, we find that λ must be even as well. In
particular, we find that K is a spin manifold. Remark 1.2 implies that we may
apply Corollary 1.3 to M and X#K. 
We interpret this as saying that manifolds of the kind X#L as in the corollary
are weakly rigid, i.e. that any two such manifolds which are homotopy equivalent
(equivalently whose intersection forms are isomorphic) are already homeomorphic.
A variant of such weak rigidity properties was studied by [KL09]. However, we claim
nothing about the question whether a given homotopy equivalence is homotopic to
a homeomorphism (which is the content of the classical Borel rigidity conjecture)
or whether every isometry of the intersection form is realized by a homeomorphism
(which is the case if the manifold in question is simply connected). This builds a
bridge between the rigidity phenomena envisioned by Borel for aspherical manifolds
and the rigidity present in simply connected topological 4-manifolds by Freedman’s
results. We notice that the (almost) spin condition is also present there: two simply
connected 4-manifolds which are homotopy equivalent are homeomorphic if they are
spin (as then the Kirby–Siebenmann invariant is determined by the signature, and
thus the homotopy type), but need not be homeomorphic if the manifold is not
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spin. In this case there are precisely two homeomorphism types in that homotopy
type: one with trivial and one with non-trivial Kirby–Siebenmann invariant.
The main tool is Kreck’s modified surgery which we will recall in Section 2. We
will then obtain the stable classification in Section 3 and the unstable classification
in Section 4.
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2. The (stable) classification of manifolds
Notation 2.1. A map of spaces is called k-connected if it induces an isomorphism of
homotopy groups pii for i < k and a surjection on pik. A map is called k-coconnected
if it induces an isomorphism on pii for i > k and is injective on pik.
Definition 2.2. Let M be a closed, oriented, topological manifold of dimension n.
Its normal k-type is a fibration over BSTop, denoted by ξ : B → BSTop through
which the stable normal bundle νM : M → BSTop factors as follows:
B
ξ
M
ν˜M 00
νM
// BSTop
such that ν˜M is (k+ 1)-connected and ξ is (k+ 1)-coconnected. A choice of a map
ν˜M is called a normal k-smoothing of M .
Remark 2.3. The corresponding definitions also hold in the smooth case. One
then replaces BSTop by BSO and factors the classifying map of the smooth stable
normal bundle through ξ.
Note that the normal 1-type is an invariant under stable homeomorphisms since
S2 × S2 has trivial stable normal bundle.
Remark 2.4. If M is a closed, oriented topological n-dimensional manifold, and
ξ : B → BSTop is its normal k-type, then the automorphisms Aut(ξ) of this fibration
act transitively on the set of homotopy classes of normal k-smoothings of M .
The following fundamental result is a straightforward consequence of Kreck’s
modified surgery theory, in particular [Kre99, Theorem C]. See [Tei92, p. 4] for the
discussion of the action of Aut(ξ) on the bordism groups Ω∗(ξ).
Theorem 2.5 (Kreck). The stable homeomorphism classes of 4-manifolds with
normal 1-type ξ are in one-to-one correspondence with Ω4(ξ)/Aut(ξ).
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The following lemma is well-known, see for example [KLPT17, Lemma 3.5] for
the smooth analog in the spin case and [Tei92, Theorem 2.2.1 b) (I)]. The proof
is analogous to the case of the normal 2-type which we give below. Here, and in
the following, we assume without loss of generality that the map w2 : BSTop →
K(Z/2, 2) is a fibration.
Lemma 2.6. Let pi be a discrete group. The normal 1-type ξ : B → BSTop of an
almost spin manifold with fundamental group pi is given by a pullback:
B BSTop
Bpi K(Z/2, 2)
ξ
w2
In particular, the fibre of the map B → Bpi is BTopSpin and thus pi2(B) = 0.
For the unstable classification we have to work over the normal 2-type. This is
given as follows.
Lemma 2.7. The normal 2-type ξ : B → BSTop of a manifold (not necessarily
almost spin) with Postnikov 2-type P is given by a pullback:
B BSTop
P K(Z/2, 2)
ξ
w2
Proof. The composition M
νM−−→ BSTop w2−−→ K(Z/2, 2) canonically factors through
a map P → K(Z/2, 2). Taking the pullback of w2 with this map as in the statement
of the lemma, the map νM : M → BSTop admits a lift through ξ by definition. As
BSTop
w2−−→ K(Z/2, 2) is 3-connected, also the map B → P is 3-connected. Since
the map M → P is 3-connected by definition, this implies that the lift M → B is
3-connected. Since P and K(Z/2, 2) are 3-coconnected, every map between them
is 3-coconnected. It follows that ξ is 3-coconnected. 
Let BTopSpin → B → X be a fibration and let ξ : B → BSTop be such that
the composition BTopSpin → B → BSTop is the canonical map. To compute
the bordism group Ω4(ξ), we apply the Atiyah-Hirzebruch spectral sequence. The
E2-page of the Atiyah-Hirzebruch spectral sequence reads as
E2p,q = Hp(X; Ω
TopSpin
q ) =⇒ Ωp+q(ξ).
Denote the filtration on the abutment of the Atiyah-Hirzebruch spectral sequence
by
0 ⊂ F0,n ⊂ F1,n−1 ⊂ · · · ⊂ Fn−q,q ⊂ · · · ⊂ Fn,0 = Ωn(ξ).
Recall that Fn−q,q/Fn−q−1,q+1 ∼= E∞n−q,q.
2.1. L-theoretic preliminaries. We will denote by Lq(R) the quadratic (free)
L-theory spectrum of a ring and set L = Lq(Z) and let L〈1〉 be its connected cover,
as used also in [KLPT17]. Lqn(R) thus denotes the n’th quadratic L-group of R.
We consider the following conditions on a group pi:
(W): The Whitehead group Wh(pi) vanishes.
(A1): The assembly map L〈1〉4(Bpi)→ Lq4(Zpi) is injective.
(A2): The assembly map L〈1〉5(Bpi)→ Lq5(Zpi) is surjective.
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Definition 2.8 ([HKT09]). A group is said to satisfy property
(W-AA): if it satisfies the three condition above and
(W-A): if it satisfies the conditions (W) and (A2).
Lemma 2.9. Let pi be a group satisfying the Farrell–Jones conjecture and admitting
a CW-model of Bpi of dimension at most 4. Then pi has property (W-AA).
Proof. First note that the existence of a finite-dimensional model for Bpi implies
that pi is torsion-free. In this case, the K-theoretic Farrell–Jones conjecture implies
property (W) as well as the vanishing of K˜n(Zpi) for n ≤ 0. Hence using the long
exact Rothenberg sequence, the L-theoretic Farrell–Jones conjecture implies that
the assembly map
Ln(Bpi) −→ Lqn(Zpi)
is an isomorphism for all n ∈ Z. Consider the following long exact sequence
. . . −→ (τ≤0L)n+1(Bpi) −→ L〈1〉n(Bpi) −→ Ln(Bpi) −→ (τ≤0L)n(Bpi) −→ . . .
Hence for showing properties (A1) and (A2) it suffices to show that (τ≤0L)5(Bpi) =
0. This follows immediately from the Atiyah–Hirzebruch spectral sequence and the
assumption that pi has a 4-dimensional model for Bpi. 
Remark 2.10. Property (W-AA) is what we will actually use in the proof of
Theorem 1.1. We also note the well-known fact that condition (W) implies that
the comparison map from simple L-groups of Zpi to the usual (free) L-groups of
Zpi are isomorphisms, as the canonical comparison map sits inside the long exact
Rothenberg sequence whose third term is Hˆ∗(C2; Wh(pi)) [Sha69]; see also [Ran81,
§1.10]. Likewise, under condition (W), the simple structure set Ss(M) agrees, via
the canonical map, with the non-simple version S(M). We may therefore always
work with the non-simple versions in what follows.
From [Kre99] the following statement can be deduced, cf. [HKT09, Theorem 2.2].
Theorem 2.11 ([Kre99]). If two closed 4-manifolds M1 and M2 admit B-bordant
normal 2-smoothings in the same 3-coconnected fibration B → BSTop then they
are s-cobordant, provided their fundamental group satisfies property (W-A) and
H3(M1;Z/2)→ H3(Bpi;Z/2) is surjective.
See the proof of [HKT09, Theorem 2.6] on how property (W-A) is used to deduce
the theorem from [Kre99, Theorem 4 and Remark on p.734]. The idea is as follows.
As mentioned above, the vanishing of the Whitehead group implies that every
homotopy equivalence is simple and we do not have to distinguish between simple
quadratic L-theory and usual (free) projective L-theory. Applying surgery we obtain
from the bordism of the normal 2-smoothings a bordism with a 2-equivalence to
B and surgery obstruction in Lq5(Zpi). Let N (M1 × I,M1 × {0, 1}) be the set
of degree one normal maps to M1 × I that are the identity on both boundary
components. Given an element W from N (M1 × I,M1 × {0, 1}), we can glue it
along a boundary component to the bordism between M1 and M2. This changes
the surgery obstruction by the image of W in Lq5(Zpi). Hence if the map N (M1 ×
I,M1 × {0, 1})→ Lq5(Zpi) is surjective, the surgery obstruction can be assumed to
be zero and there is an s-cobordism between M1 and M2. Using the identification
of N (M1 × I,M1 × {0, 1}) with L〈1〉5(M1), the map to Lq5(Zpi) agrees with the
assembly map L〈1〉5(M1) → Lq5(Zpi) which factors through L〈1〉5(Bpi). The map
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L〈1〉5(Bpi) → Lq5(Zpi) is surjective by property (W-A). Hence it remains to see
that L〈1〉5(M1) → L〈1〉5(Bpi) is surjective. Using the Atiyah–Hirzebruch spectral
sequence, this maps agrees with Lq4(Z)⊕H3(M1;Z/2)→ Lq4(Z)⊕H3(Bpi;Z/2) which
we assumed to be surjective. This concludes the proof sketch of Theorem 2.11.
Note that in [HKT09, Theorems 2.2 and 2.6] the assumption that H3(M1;Z/2)→
H3(Bpi;Z/2) is surjective is not present. Nevertheless, the surjectivity of the map
N (M1 × I,M1 × {0, 1}) → Lq5(Zpi) seems to be used in the proof and hence this
condition seems to be missing there.
3. The stable case of the main theorem
The goal of this section is to prove the following theorem. We let pi be a group sat-
isfying the Farrell–Jones conjecture. We assume that Bpi is an orientable Poincare´
duality space Bpi of dimension 4 and fix an orientation. Let [Bpi] denote its funda-
mental class.
Theorem 3.1. Let M,N be oriented, almost spin 4-manifolds with fundamental
group pi such that the classifying maps M → Bpi and N → Bpi have degree one.
Then M and N are stably homeomorphic if and only if their equivariant intersection
forms are stably isometric.
If M is almost spin, the Serre spectral sequence shows that there exists a w ∈
H2(Bpi;Z/2) such that c∗(w) = w2(M), where c : M → Bpi is the classifying map
for the universal cover of M .
Lemma 3.2. If M is almost spin and the map c has degree 1, then w2(Bpi) is the
unique element w with c∗(w) = w2(M).
Proof. Since the map c has degree one, we find that c∗ is (split)-injective, so there
is a unique w with c∗(w) = w2(M). We need to show that w = w2(Bpi). For this
it suffices to show (by the Wu formula for Bpi) that
w ∪ y = y2
for all y ∈ H2(Bpi;Z/2). Since c has degree 1, c∗ preserves the intersection form.
Hence the needed equation can be shown after applying c∗ where it follows from
the Wu formula for M . 
It follows that in the situation of Theorem 3.1, M and N have isomorphic normal
1-types.
Corollary 3.3. Let M be an almost spin manifold such that its classifying map
M → Bpi has degree 1. Then the normal 1-type of M is given by the pullback
B BSTop
Bpi K(Z/2, 2)
ξ
w
where w = w2(Bpi).
Proof. In [Tei92] it is shown that the normal 1-type sits inside a pullback with
some cohomology class c in place of w. The previous lemma shows that if the map
M → Bpi has degree 1, this cohomology class must be w2(Bpi). 
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It will be convenient to use the following notation. Suppose M and N are
oriented, almost spin 4-manifolds with fundamental group pi and given lifts of the
stable normal bundle along ξ : B → Bpi. We will then denote by θ(M,N) the
difference [M → B]− [N → B] in Ω4(ξ).
Proposition 3.4. Assume that the classifying maps of M and N have degree one.
Then there are ξ-structures on M and N such that θ(M,N) is an element of F2,2.
Proof. Fix ξ-structures on M and N . By assumption, we have that θ(M,N) is an
element of F3,1. Consider the exact sequence
0 −→ F2,2 −→ F3,1 −→ H3(Bpi;Z/2)
and let β be the image of θ(M,N) in H3(Bpi;Z/2). By Poincare´ duality, there is
a unique α ∈ H1(Bpi;Z/2) with β = α ∩ [Bpi]. Let Mα denote M with ξ-structure
altered by α. Since c(M) : M → Bpi has degree 1, we find that θ(M,Mα) also maps
to β under the map F3,1 → H3(Bpi;Z/2), see [Tei92, Prop. 3.2.4]. We obtain that
θ(Mα, N) = θ(M,N)− θ(M,Mα)
is contained in F2,2 as claimed. 
Remark 3.5. Assume that there is an oriented, almost spin 4-manifold X with
fundamental group pi and classifying map of degree one, then above proof shows
that every element in E23,1 = H3(Bpi;Z/2) can be realized by an element of the form
θ(M,Mα). In particular, the d2 differential on E3,1 is trivial. Also the d2-differential
on E4,1 is trivial since it is given by the dual of Sq
2+−∪w by [Tei92, Lemma 2.3.2]
which is trivial by the Wu formula for Bpi, as w = w2(Bpi) see Lemma 3.2. Hence,
in the AHSS computing Ω∗(ξ) for the normal 1-type ξ : B → BSTop, all differentials
that go out of or into the terms contributing to Ω4(ξ) are zero.
Proof of Theorem 3.1. The argument is similar as in [KLPT17, Section 9] and as
in loc. cit. write L for the quadratic L-theory spectrum of the integers, L〈1〉 for its
1-connected cover, and Lqn(R) for the n
th quadratic L-group of an involutive ring
R. We consider the restricted assembly map in quadratic L-theory
A : L〈1〉4(Bpi) −→ Lq4(Zpi).
This is injective by (A1) which is satisfied by Lemma 2.9. The above assembly map
may be interpreted as the topological surgery obstruction map because Bpi is (by
assumption) an oriented PD-space and thus has reducible Spivak normal fibration
[Ham19]. This implies that Poincare´ duality holds in quadratic L-theory, there is
thus a canonical isomorphism
L〈1〉4(Bpi) ∼= [Bpi,G/Top]
so that elements may be interpreted as degree one normal maps M → Bpi. We will
argue that every such map represents an element of Ω4,deg 1(ξ), well-defined up to
the action of H1(Bpi;Z/2). We recall from Corollary 3.3 that there is a pullback
diagram
B BSTop
M Bpi K(Z/2, 2)
ξ
w
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Now given a degree 1 normal map, we may assume (up to normal bordism) that it is
a pi1-isomorphism M → Bpi. Using the stable normal bundle νM : M → BSTop and
the above pullback, we obtain a dashed arrow making the left triangle commute.
Since pi2(B) = 0 and pi1(B) → pi1(Bpi) is an isomorphism, this is a normal 1-
smoothing. The choice of the dashed arrow depends on the homotopy witnessing
the equality w2(νM ) = c
∗(w) and is thus well-defined up to H1(pi;Z/2).
A normal bordism then gives rise to a ξ-bordism, so we obtain a well-defined
map (of sets)
L〈1〉4(Bpi) u−→ Ω4,deg 1(ξ)/H1(pi;Z/2),
where H1(pi;Z/2) acts on Ω4,deg 1(ξ) by changing the ξ-structure over Bpi and the
subscript deg 1 indicates the subset of Ω4(ξ) consisting of those elements where the
map M → Bpi has degree 1.
We claim that this map is surjective. To show this, we may assume that an
element of Ω4,deg 1(ξ)/H
1(pi;Z/2) is represented by a map f : M → Bpi which is
equipped with a ξ-structure, has degree 1 and induces an isomorphism on pi1. From
Lemma 3.2, we know that f∗(w) = w2(M). We want to show that f can be
promoted to a normal invariant of Bpi, i.e. that there exists an oriented topological
bundle E over Bpi, and a bundle isomorphism νM → f∗(E). By [Mil88, Lemma
(9)], there is an equivalence τ≤4(BSTop) ' τ≤4(BSO) ×K(Z/2, 4). In particular,
stable oriented topological bundles over 4-complexes are equivalently given by an
oriented vector bundle and an element in 4th cohomology. This means that one
can apply the same argument as in [Lan, Lemma 3.1] to show that one can choose
an oriented topological bundle E over Bpi such that f∗(E) and νM have the same
image under the map
[M,BSTop]
(w2,p1,KS)−−−−−−−→ H2(M ;Z/2)×H4(M ;Z)×H4(M ;Z/2)
and that this map is injective. This proves that the map u above is surjective.
We claim that there is a commutative diagram
L〈1〉4(Bpi) Ω4,deg 1(ξ)/H1(Bpi;Z/2)
Lq4(Zpi)
u
A
where the vertical map is injective as argued at the beginning of the proof. Once
we have shown that the dashed arrow exists, it follows that the map u is bijective
and thus that the dashed arrow is injective as well.
We claim that the dashed arrow can be constructed as follows: associating to
a pi1-isomorphism M
f−→ Bpi representing an element of Ω4,deg 1(ξ) the equivariant
intersection form (pi2(M), λM ), descends to a well-defined map
Ω4,deg 1(ξ)/H
1(Bpi;Z/2) −→ Lq4(Zpi),
as if f : M → Bpi and f ′ : M ′ → Bpi are ξ-bordant with f and f ′ pi1-isomorphisms,
then M and M ′ are stably homeomorphic. To see that this makes the diagram
commutative, we consider a degree one normal map M
f−→ Bpi. The vertical map
sends this to the surgery obstruction, which is given by the surgery kernel κ(f).
To obtain this, we again make f (up to normal bordism) an isomorphism on pi1.
Then the surgery kernel is given by (pi2(M), λ), the equivariant intersection form:
this is because Bpi is aspherical, so its pi2 vanishes. We deduce in particular that
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pi2(M) is a stably free Zpi-module and that the equivariant intersection form λM is
non-degenerate; see [Wal99, Prop. 5.1].
By the commutativity of the diagram, the injectivity of the vertical map and the
surjectivity of the horizontal map, the dotted map is injective.
We deduce that if two almost spin 4-manifolds have isometric intersection forms
and both come with a degree one map to Bpi, then there exist spin structures such
that they agree as elements of Ω4(ξ) and thus by Kreck’s modified surgery are
stably homeomorphic. This concludes the proof of Theorem 3.1. 
As a corollary, we obtain the following statement, which was explicitly mentioned
in the above proof.
Corollary 3.6. Let M be an almost spin 4-manifold with fundamental group pi
such that the classifying map M → Bpi has degree one. Then pi2(M) is stably free
as a Zpi-module and the equivariant intersection form λM is non-degenerate.
4. The unstable case of the main theorem
The goal of this section is to prove Theorem 1.1 from the introduction. We will
first need the following result.
Theorem 4.1. Let M be an oriented, almost spin 4-manifold with fundamental
group pi such that pi2(M) is stably free as a Zpi-module. Assume that N is stably
homeomorphic to M over pi and that M and N have isometric equivariant inter-
section forms. Then M and N have isomorphic normal 2 types and admit bordant
normal 2-smoothings.
If pi2(M) were free as a Zpi-module, we could direct apply [CS11, Proposition 6.3]
to deduce Theorem 1.1. While it seems likely that one can generalize [CS11, Propo-
sition 6.3] to the stably free case, we will proceed by directly computing the bordism
group over the normal 2-type of M and applying [Kre99, Theorem B].
Lemma 4.2. Let M be as in Theorem 4.1 and let P denote the Postnikov 2-type of
M . Then the stable homeomorphism type over pi and the equivariant intersection
form of M determine the image of the fundamental class [M ] of M in H4(P ;Z).
Proof. LetN : Z⊗ZpiH4(P˜ ;Z)→ H lf4 (P˜ ;Z)pi be the norm map and let ω : H lf4 (P˜ ;Z)→
HomZ(H2c (P˜ ;Z), H2(P˜ ;Z)) denote the slant map x 7→ −∩ x. Here, the superscript
lf refers to the locally finite homology of P˜ , the superscript pi to the fixed points
under the pi-action, and the subscript c to the cohomology of P˜ with compact
support. By the proof of [HKT09, Lemma 5.14], the composition
(4.3) Z⊗Zpi H4(P˜ ;Z) N−→ H lf4 (P˜ ;Z)pi ω−→ HomZ(H2c (P˜ ;Z), H2(P˜ ;Z))pi
is injective if pi2(P ) is stably free as a Zpi-module.
Note that Z⊗Zpi H4(P˜ ;Z) N−→ H lf4 (P˜ ;Z)pi factors as
Z⊗Zpi H4(P˜ ;Z)→ H4(P ;Z) tr−→ H lf4 (P˜ ;Z)pi,
where tr denotes the transfer map induced by the universal covering P˜ → P .
We have that ω(tr(c∗[M ])) = ω([M˜ ]) is determined by the intersection form of
M˜ and hence by the equivariant intersection form of M . Considering the Serre
spectral sequence associated to the fibration P˜ → P → Bpi we see that
0→ Z⊗Zpi H4(P˜ ;Z)→ H4(P ;Z)→ H4(Bpi;Z)
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is exact.
Now let N be a manifold that is stably homeomorphic to M and has isometric
equivariant intersection form. If the equivariant intersection forms of M and N are
isometric, in particular their second homotopy groups have to be isomorphic. Since
the Zpi-modules pi2(M) and pi2(N) are stably free and H3(Bpi;Zpi) ∼= H1(Bpi;Zpi) =
0, H3(Bpi;pi2(M)) and H
3(Bpi;pi2(N)) are trivial. In particular, the k-invariants
of M and N determining the Postnikov 2-type are trivial. Thus as pi2(M) and
pi2(N) are isomorphic, the Postnikov 2-types of M and N are homotopy equivalent.
Moreover, the fundamental classes of M and N have the same image in H4(Bpi;Z).
Hence their difference comes from Z⊗Zpi H4(P˜ ;Z). Since M and N have isometric
intersection forms, the images of their fundamental classes under ω ◦ tr agree. The
lemma now follows from the injectivity of (4.3). 
Proof of Theorem 4.1. As M and N are stably homeomorphic over pi they have
isomorphic normal 1-types ξ : B → BTop. In particular, there is an element w ∈
H2(pi;Z/2) pulling back to w2(M) and w2(N) respectively. As argued in the proof
of Lemma 4.2, M and N also have isomorphic Postnikov 2-types P . Hence M and
N have isomorphic normal 2-types, say ξ′ : B′ → BTop. By changing the spin
structure if necessary, we can pick ξ′-structures on M,N such that the elements
[M
f−→ P ], [N g−→ P ] ∈ Ω4(ξ′) have the same image in Ω4(ξ).
As P˜ = K(pi2(M), 2), pi2(M) is a free abelian group, and homology commutes
with filtered colimits, we find that the homology of P˜ with arbitrary coefficients
is concentrated in even degrees. Furthermore, Sq2 : H2(P˜ ;Z/2) → H4(P˜ ;Z/2) is
injective. Let K := ker(d2 : H4(P˜ ;Z)→ H2(P˜ ;Z/2)). From the Atiyah-Hirzebruch
spectral sequence one then easily computes
ΩTopSpinn (P˜ )
∼=

ΩTopSpinn n = 0, 1, 3, 5
ΩTopSpin2 ⊕ pi2(M) n = 2
ΩTopSpin4 ⊕K n = 4.
We can compute Ωp+q(ξ
′) using the spectral sequence
E2p,q = Hp(Bpi; Ω
TopSpin
q (P˜ )) =⇒ Ωp+q(ξ′)
and we want to compare it to the spectral sequences
Hp(Bpi;Hq(P˜ ;Z)) =⇒ Hp+q(P )
and
Hp(Bpi; Ω
TopSpin
q ) =⇒ Ωp+q(ξ).
Since pi2(M) is stably free as a Zpi-module, Hi(Bpi;pi2(M)) = 0 for i > 0. Hence
the kernel of Ω4(ξ
′) → Ω4(ξ) ⊕ H4(P ;Z) is the kernel of the map H0(Bpi;K) →
H0(Bpi;H4(P˜ ;Z)). Consider the long exact sequence
· · · → H1(Bpi;H2(P˜ ;Z/2))→ H0(Bpi;K)→ H0(Bpi;H4(P˜ ;Z))→ H0(Bpi;H2(P˜ ;Z/2)).
We note that H1(Bpi;Zpin ⊗Z A) = H1(Epi;An) = 0 for any abelian group A. As
pi2(P ) is stably free andH2(P˜ ;Z/2) ∼= pi2(M)⊗ZZ/2, we obtainH1(Bpi;H2(P˜ ;Z/2)) =
0 and thus the map Ω4(ξ
′)→ Ω4(ξ)⊕H4(P ;Z) is injective. The fundamental classes
of M and N have the same image in H4(P ;Z) by Lemma 4.2 and we assumed that
the elements [M
f−→ P ], [N g−→ P ] ∈ Ω4(ξ′) have the same image in Ω4(ξ). Hence
[M
f−→ P ] = [N g−→ P ] ∈ Ω4(ξ′). 
TOPOLOGICAL 4-MANIFOLDS WITH 4-DIMENSIONAL FUNDAMENTAL GROUP 11
Proof of Theorem 1.1. Let M,N be oriented, almost spin 4-manifolds with funda-
mental group pi such that the classifying maps M → Bpi and N → Bpi have degree
one. If they are s-cobordant then obviously their equivariant intersection forms are
isometric. So let us now show the converse.
By Corollary 3.6, pi2(M) is a stably free Zpi-module. Using Theorem 3.1, M and
N thus satisfy the assumptions of Theorem 4.1. Since the map c : M → Bpi has
degree one by assumption, c∗ : H3(M ;Z/2) → H3(pi;Z/2) is surjective. Thus M
and N are s-cobordant by Theorem 2.11. 
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